AN EXTENSION OF SCHREIER UNCONDITIONALITY
G. ANDROULAKIS, F. SANACORY™*

ABSTRACT. The main result of the paper extends the classical result of E. Odell on Schreier
unconditionality to arrays in Banach spaces. An application is given on the “multiple of the
inclusion plus compact” problem which is further applied to a hereditarily indecomposable
Banach space constructed by N. Dew.

1. INTRODUCTION

A finite subset F' of N is called a Schreier set if |F| < min(F) (where |F| denotes the
cardinality of F'). The important notion of Schreier unconditionality was introduced by
E. Odell [16] and has inspired rich literature on the subject (see for example [3], [8]). Earlier
very similar results can be found in [15, page 77] and [19, Theorem 2.1’]. A basic sequence
(z,,) in a Banach space is defined to be Schreier unconditional if there is a constant C' > 0
such that for all scalars (a;) € coo and for all Schreier sets F' we have

1) aieil < CIDY - aei.
i€l
In this case (e;) is called C-Schreier unconditional.

Theorem 1.1. [16] Let (x,,) be a normalized weakly null sequence in a Banach space. Then
for any € > 0, (x,) contains a (2 + ¢)- Schreier unconditional subsequence.

Our main result is Theorem 1.2 where we extend Theorem 1.1 to arrays of vectors of a Banach
space such that each row is a seminormalized weakly null sequence. Then Theorem 1.2
guarantees the existence of a subarray which preserves all the rows of the original array
and has a Schreier type of unconditionality. We now define the notions of array, subarray
and regular array in a Banach space. An array in a Banach space X is a sequence of
vectors in (z;;)ienjes; € X where J; is an infinite subsequence of N for all i € N, say
Ji = {Jix < Jig < ---} and (24, Jren is @ seminormalized weakly null sequence in X for
all i € N. The reader is warned that the paper [12] also considers arrays of vectors with
different properties. Let <,, denote the reverse lexicographical order on N2, Let (z;;)ien.je;
be an array in a Banach space X. A subarray of (z;;)ien;jes; is an array (y;e)ieneer; in X
which satisfies the following two properties:

(1) {yz”g e Lz} - {l’@j 1] € JZ} forallz e N

Date: May 15, 2007.
2000 Mathematics Subject Classification. 46A32, 47B07.
Key words and phrases. Schreier unconditionality, compact operators, hereditarily indecomposable Ba-
nach space.
*The present paper is part of the Ph.D thesis of the second author who is partially supported under Prof.
Girardi’s NSF grant DMS-0306750.
1



and

if Ji = {ji,l < j@g < - }, and L, = {Ei,l < &'72 < - } for all 2 € N then there
(2)  exists a <,y -order preserving map H : {(i,j;x) : i,k € N} — {(4,Jix) : i,k € N}
such that y; e, , = Ty, for all i,k € N.

A regular array in a Banach space X is an array (z; ;) jen;i<; which is a basic sequence
when it is ordered with the reverse lexicographic order: xj 1,212, 22, %13, T2,3, 33, 1.4, - - --
For convenience, throughout this paper, we denote the index set of a regular array by I, i.e.
I={(i,j) e NxN:i<j}.

Theorem 1.2. Let (v ;) er be an array in a Banach space X, (M;);en € N be an in-
creasing sequence of integers and € > 0. Then there exists a regular subarray (y; ;) jyer of
(75,) @ jyer such that for any finitely supported scalars (a; ;)i er, ko € N and F C N with
|F| < Muin(ry and ko < min(F') we have

1
[ Z @i Yl > 2—+€H Zako,jykmj“’
jeF

(4,9)el

The “multiple of the inclusion plus compact problem” was asked by W.T. Gowers [9] and
asks whether for every infinite dimensional Banach space X there exists a closed subspace
Y of X and a bounded linear operator from Y to X which is not a compact perturbation
of a multiple of the inclusion map from Y to X. Note that if a Banach space X con-
tains an unconditional basic sequence (), then the operator T' € L([(x,)n], X) defined by
T(x,) = (—1)"x, does not belong to Ciy_,x + K(Y, X) (where L(Y, X) and K(Y, X) denote
respectively the space of all (linear bounded) operators and all compact operators from Y to
X; if Y is a subspace of X then iy _ x denotes the inclusion from Y to X). Thus if a Banach
space X contains an unconditional basic sequence then the “multiple of the inclusion plus
compact” problem has an affirmative answer for X. Hence for the “multiple of the inclusion
plus compact” problem we restrict our attention to Banach spaces with no unconditional
basic sequences. Recall that by the Gowers’ dichotomy [9] every Banach space contains an
unconditional basic sequence or a hereditarily indecomposable (HI) subspace. Recall that a
Banach space X is called HI if no infinite dimensional closed subspace Y of X contains a
complemented subspace Z which is of both infinite dimension and infinite codimension in Y’
[11]. Therefore for the “multiple of the inclusion plus compact problem” we only examine HI
saturated Banach spaces. In Section 3 we prove Theorems 3.2 and 3.8 which give sufficient
conditions on a Banach space X so that the “multiple of the inclusion plus compact” problem
to have an affirmative answer in X, and extend results of [2] and [21]. In his 2000 dissertation
N. Dew [7] introduced a new HI space which we refer to as space D. In Section 4 we examine
some of the basic properties of D and we apply Theorem 3.8 to prove that the“multiple of
the inclusion plus compact” problem has an affirmative answer in D.

2. EXTENSION OF ODELL’S SCHREIER UNCONDITIONALITY

In this section we will prove our main Theorem, 1.2. We need several remarks and lemmas

until we reach its proof.
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Remark 2.1. If (xi,j)(m)ef 1s a reqular array and (y,-7j)(l-7j)ef 1s a subarray of (xi,j)(i,j)el then
(Vij)j)er 5 also regular.

The proof of the following remark can be found in functional analysis text books such as
[1, Theorem 1.5.2] or [14, Lemma 1.a.5]).

Remark 2.2. Let (x;)Y, be a finite basic sequence in some infinite dimensional Banach
space X having basis constant C. Let (y;) be a seminormalized weakly null sequence X and
e > 0. Then there exists an n € N such that (x1,xs,...,TN,Yn) IS a basic sequence with
constant C(1 + €).

By repeated application of Remark 2.2 we obtain the following.

Remark 2.3. Let X be a Banach space and (z; ;)i jer be an array in X. Then there exists a
subarray (Yi;)ager of (%i5)a,)er which is reqular. Moreover, the basis constant of (yi ;) j)er
can be chosen to be arbitrarily close to 1.

For p € N any element @ = (a;)}_; of R? will be called a p-pattern and for such @ define
@] := p. Let (z;;)¢, )er be a regular array in a Banach space X. Let f € X*, k € N,
a = (a;)?_, a p-pattern and F' = {j1,72...,j,+ C N. We say that f has pattern @ on (k, F)
with respect to (z;;)q jyer if f(@ry,) = a; for all i € {1,2,...,p}.

Lemma 2.4. Let (z;;)uj)er be a reqular array in a Banach space X, d@ be a p-pattern,
F C2Ba(X*), 0 > 0 and g, jo, ko € N with jo > ig. Then there exists a subarray (yi;) . )er
of (i) @j)er such that for any F C {ko, ko+1,ko+2,...}, with (ig, jo) <re (ko, min(F)) and
|F| = p we have the following:

If there exists f € F having pattern @ on (ko, F') with respect to (y; ;). er then there exists
g € F having pattern @ on (ko, F') with respect to (yi;)jyer and [9(Yigj0)| < 0.

Additionally, (y;;)a.jyer can be chosen to satisfy y; j = x;; for all (i,7) <v¢ (0, Jo)-

Proof. First note that there exists m € N such that for all f € 2Ba(X*) there exists 7' €
{j(),jo + ]_,jo +2,... ,m} with |f(xi07j')| < 0.

Otherwise assume that for all m € N there exists x}, € 2Ba(X*) with |z}, (z;, ;)| > 0 for
J € {Jjo,...,m}. By passing to a subsequence and relabeling assume that (z7,) converges
weak® to some z* € 2Ba(X"*). Then |z*(x;, ;)| > 6 for all j > jy, which contradicts that
each row, in particular (z;,;)32;, , is weakly null.

Let N = {m+ 1,m +2,...}. Divide the set [N]? of all p-element subsets of N as follows:
[N]P = UTHA]- where for j € {jo,jo+ 1,50 +2,...,m} we set

=Jjo

A = {F € [N]P : there exists f € F having pattern @ on (ko, F')
with respect to (x;;)q jer and |f(2i,;)] < 5}

and

A1 = {F € [N]?: there is no f € F having pattern @ on (ko, F') with respect to (z;;) ¢ jyer } -

By Ramsey’s theorem there exist a subsequence (m;)2, € [N], and j" € {jo, jo+1,...,m+
1} such that [(m;)52,]? C A; (where for an infinite subset M of N, [M] denotes the set of
3



all infinite subsequences of M). We then can pass to a subarray (v; ;) er of (zi;)a,j)er by
setting

Lij if (Zvj) <rt (i07j0)
Yij =19 Ty i (6.) = (io, jo)
.le"mj if (io,jo) <yr (Z,j)

Then (yi ;) (i,j)er satisfies the conclusion of the lemma, since if for some F' C {ko, ko+1,...}
with (40, jo) <r¢ (ko,min(F)) and |F| = p there exists f € F having pattern @ on (ko, F')
with respect to (v; ;). )er, then the integer j' that was obtained by Ramsey’s theorem could
not be equal to m + 1, hence j' € {jo,j0 + 1,...,m} and the definition of A; gives the
conclusion. 0

Lemma 2.5. Let (%) jjer a be regular array in a Banach space X, A be a finite set of
patterns, F C 2Ba(X*), 6 > 0 and io, ko € N. Then there exists some subarray (v ;)jer of
(25,)i.jyer such that for any @ in A, F C {ko,ko+1,ko+2,...}, with |F| = |a@| and jo € N
with jo > io and (i, jo) <r¢ (Ko, min(F)), we have the following:

If there exists f € F having pattern @ on (ko, F') with respect to (yi;)jer then there exists
g € F having pattern d@ on (ko, F') with respect to (yi;)uner and |g(Yigj0)| < 0.

Additionally, we can assume that x; j = vy, ; for all (i,7) <.¢ (40, %)-

Proof. We begin by fixing one particular element @ in A. Now apply Lemma 2.4 for
(%55)Ggyers @ F, 6, io, ko and jo = ip to obtain some subarray (yg’;o)(i,j)el of (xzfo)(i,j)el
with the property that for any F' C {ko, ko + 1,ko + 2,...}, with (o, jo) <p¢ (ko, min(F'))
and |F'| = |@| we have the following. If there exists f € F having pattern @ on (ko, ') with
respect to (yf ’j"")(i,j)e[ then there exists g € F having pattern @ on (ko, F') with respect to
(yZ’jZO)(i,j)g and \g(yfozfoﬂ < 0. Moreover, yZ’;O = x; ; for all (4, j) <, (40, Jo)-

We repeat inductively on jo counting upward from 7. Thus we next apply Lemma 2.4 to
(yz}?o)(i7j)ef, a, F, 90, ig, ko, Jo = 1o + 1, to obtain some subarray (yz’].i°+1)(i7j)ef of (yg’jo)(m)d
with the property that for any F' C {ko, ko + 1,ko + 2,...} with (io,jo) <r¢ (Ko, min(F))
and |F'| = |@| we have the following. If there exists f € F having pattern @ on (ko, ') with

respect to (yg’;“l)(i,j)e[ then

e there exists ¢ € F having pattern @ on (kg, F') with respect to (yg’;OH)(i,j)eI and
Zio bl ' Giord
l9(yiosn | < 0 (since yin ™ = yi7) and
6,i0+1

e there exists h € F having pattern @ on (ko, /') with respect to (y;;°"")jer and
dio+1

|A(Yigior1)| < 0.

Moreover, yz’jﬁl = yg’jo for all (4,7) <,¢ (0,70 + 1).

Continue in this manner for each jo € {ig+2,i9+3,...}. Note that by fixing the elements
of the subarray for (i,j) <,¢ (i0,jo) at each step jo, there exists a subarray after infinitely
many steps which possesses the properties of all the previous subarrays. We call this “limit”
subarray (ygj)(i7j)€1 and notice it has the property that for any F' C {ko, ko + 1, ko + 2,...}
with |F| = |@| and for all jo € N with (ig, jo) <p¢ (ko, min(F')), we have the following:
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If there exists f € F having pattern @ on (kg, F') with respect to (ygj)(m)e 7 then there exists
g € F having pattern @ on (ko, F') with respect to (y7)jyer and |g(y2 ;)| < 6.

Notice also that any further subarray of (yf‘;j)(i,j)e 7 has this same property. Then repeat
the above process for each ad € A to obtain the desired array. 0

Notice that if (v ;)¢ jyer is the result of applying Lemma 2.4 to some regular array and
(%ij)Gj)er is a subarray of (y;;)aj)er then (zi;)ujer may not satisfy the conclusion of
Lemma 2.4. However, if (y; ;) jer is the result of applying Lemma 2.5 to some regular
array and (z;;)jyer is a regular subarray of (y;;)u er then (2;)a )er does satisfy the
conclusion of Lemma 2.5. This idea is summarized in the following remark.

Remark 2.6. Let (2;;)i er be a regular array in a Banach space X, A be a finite set of
patterns, F C 2Ba(X*) , ig,ko € N and § > 0. Then there exists a subarray (Yi;) . er
of (zij)uger such that if (zi;)a yer s any subarray of (yij)ujer, then for any a in A,
F CHko,ko+1,ko+2,...}, with |F| = |d| and jo € N with (i, jo) <re (ko, min(F')), we have
the following:

If there exists f € F having pattern @ on (ko, F') with respect to (2 ;). er then there exists
g € F having pattern @ on (ko, F') with respect to (2 ;) jyer and |g(2ig,5,)| < 9.

Additionally, we can assume that x; ; = y; ; for all (i,7) <¢ (io,%0)-

Lemma 2.7. Let (x;;)ujer be a regular array in a Banach space X, A be a finite set of
patterns, F C 2Ba(X*) and § > 0. Then there exists some subarray (Y ;). jyer of (%ij)jer

such that for all @ in A, kg € N, F C {ko, ko + 1, ko +2,...} with |F| = |a@| and (ig, jo) € I
with (1, ko) <.¢ (0, jo) <re (ko, min(F')) we have the following:

If there exists f € F having pattern @ on (ko, F') with respect to (v j)jer then there exists
g € F having pattern @ on (ko, F') with respect to (yi;)iner and |g(Yigj0)| < 0.

Proof. We will apply Remark 2.6 inductively with the subarray changing at each step, but
A, F and ¢ remaining as in the hypothesis and (ig, ko) cycling through N?. We create
the final subarray (v; ;)i er of (%ij)u )er inductively one column at a time. At the jo

step of the induction we create a subarray (yf?j)(i,j)el of (yf’f’jjéofl)(i,j)el (where for jo = 1,
(W) yer = (@ig)agyer ) and we set y; 5, = y)% fori € {1,2,...,jo}.

COLUMN 1: Apply Remark 2.6 to (z;)qer, A, F, 8, ip = 1, and ko = 1 to obtain a
subarray (y; ;) (.j)er With the property that for all @ in A, F C{1,2,...} with |F| = |a@| such
that (1,1) <,¢ (ko, min(F")) we have the following:

If there exists f € F having pattern @ on (ko, F') with respect to (y},j)(m)d then there exists
g € F having pattern @ on (ko, F') with respect to (y;;)@.jer and |g(yf,)] < 9.

We then fix column 1 of (y; ;) )er by setting yi1 := y1 ;.

COLUMN 2: Apply Remark 2.6 to (yi{j+1)(i,j)€1, A, F, 8, successively for each (0, ko) €

{(1,2),(2,1),(2,2)} to obtain a subarray (yzj)(i,j)el with the property that for all @ in A,
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F C{2,3,...} with |F| =|d|, ip € {1,2} and ko € {1,2} such that (ip,2) <, (ko, min(F))
we have the following:

If there exists f € F having pattern @ on (ko, ') with respect to (y7;) (., )er then there exists
g € F having pattern @ on (ko, F)) with respect to (y7;))er and |g(y; o) < 9.

We then fix column 2 of (y;;) ¢ er by setting y; o := y7, for i € {1,2}.

COLUMN jo: Apply Remark 2.6 to (ygf)jjéofl)(m)g, A F, o, sucqessively for each (ig, ko) €
{(4,40) : 1 <i <_’j0}U{(j0,j) 1 <j < jo} to obtain a subarray (y;5),j)er with the property
that forall@in A, F' C {jo, jo+1,...} with |F| = |d|, i € {1,2,...,jo}and ko € {1,2,..., 70}
such that (ig, jo) <,¢ (ko, min(F')) we have the following:

If there exists f € F having pattern @ on (kg, F') with respect to (ygf)j)(m)e 7 then there exists
g € F having pattern @ on (ko, F') with respect to (y;%) ¢ er and |g(yiy ;)| < 9.

We then fix column jo of (y;;)i.j)er by setting v; j, := yfgo for i € {1,2,...,j0}-

Let @ in A, ky € N, FF C {ko,ko + 1, ko + 2,...} with |F| = |@| and (ig,jo) € [ with
(1, ko) <pe (i0,J0) <re (ko,min(F)) all be given. Since (1,ko) <,¢ (io,jo) we have that
ko < jo. Since (ig, jo) <r¢ (Ko, min(F)) we have that there exists a set G C N with |G| = |F],
min(G) > ko and (yx,.j)jer = (Ypo ;)jec- Thus if there exists f € F which has pattern @ on
(ko, F) with respect to (yi7j)(i7j)'€] then f has pattern @ on (ko, G) with respect to (yf,oj)(i,j)g,
therefore by the property of (y]5).j)er we obtain that there exists g € F which has pattern
&"on (ko, G) with respect to (yf'?j)(i,j)g and ]g(yfgyjoﬂ < 0. Hence g has pattern @ on (ko, F)
with respect to (yi;) @ )er and [g(yiyj0)] < 6. O
Lemma 2.8. Let (z; ;) j)er be a reqular array in a Banach space X, € > 0, and k € N. Then
there exists some subarray (yi;)ajyer of (%ij)ajyer such that for any pattern @ in [—1, 1P for
some p < k, for any ko € N and any F C {ko, ko + 1, ko +2,...} with |F| = |d| we have the
following:

If there exists f € BaX* having pattern @ on (ko, F) with respect to (y; ;)i er then there
exists g € (1 +e)BaX™* having pattern @ on (ko, F') with respect to (y;;)uer and

> 19(yig)l <e

{9 el:j>ko}\{ (ko £):LeF'}

Proof. Let (6;)72, € (0,1) such that

1 o0
(3) — (4Ok60 +y 40j5j> <e
inf ] ‘=
where C' is the basis constant for the regular array (z;;)i j)er- Let Ay be a &y net for [—1,1]
containing zero and for each j € N choose a §; net B; for [—1,1] with {0} C Ay C By C
By C---. Let

(4) A={a=(a;)'_, € A% : where 1 < p <k}
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and
(5) F={fe(l+ g)Ba(X*)  f(zi,) € B; for all (4, ) € I},

where with out loss of generality we assume € < 2 so F C 2Ba(X™*). Since 0 € Ay the zero
functional is in F therefore F is nonempty .

We construct the subarray (v ;) jjer of (@ij)u er inductively. First we will construct
a subarray (yij)(i7j)€1 of (%) jer, then for j € N for j > 2 we will construct a subarray
(yf,k)(@k)e[ of (yi;}rj_l)(i7k)€]. Once the subarray (yl{k)(i,k)el has been constructed we set
Yij 1= yz{j for 1 <i < j. Since (yka)(ivk)g is a subarray of (?Jg,;}rj_ﬂ(z‘,k)el and y; ; = yz{j for
1 <i < j, we have that (y; ;) )er is a subarray of (z;;)q.j)er-

Apply Lemma 2.7 to (@) qj)er, f_l', 01, F to obtain a subarray (yil’j)(m)ef of () )er
such that for all @ € A, kg € N, F C {ko, ko + 1, ko +2,...} with |F| = |a@| and (iq, jo) € I
with (1, ko) <,¢ (i0, jo) <re (ko, min(F)) we have: if there exists f € F having pattern @ € A
on (ko, F') with respect to (y;;)u,j)er then there exists g € F having pattern @ on (ko, F)
with respect to (y; ;)@ er and [g(y;, ;)| < d1. Define the elements of the first column of
(Yij)i.)er by setting y1 1 := yil. Define for each b € B; the set

(6) Fo={f€F: fyr1) = b}

Apply Lemma 2.7 to (y; ;1) (ij)erl A, §,, Fy successively for each b € By to obtain a subarray

(W2)gyer of (hi11)jper such that for all @ € A, kg € N, F C {ko, ko + 1, ko +2,...} with
|F| = |d| and (o, jo) € I with (1, ko) <, (i0, jo) <r¢ (ko, min(F)) we have for all b € By: if
there exists f € JF, having pattern @ € A on (ko, F') with respect to (yij)(m)g then there
exists g € J; having pattern @ on (ko, F)) with respect to (y7;)jer and |g(y;, ;)| < d2.
Define the elements of the second column of (y; ;)i j)er by setting ;2 1= yiQ, and Y9 1=

Y3, For each b= (b1, by, b3) € By X By X By set
(7) Fe={f€F: flyr1) = b1, f(y12) = by and f(y22) = bs}.

Apply Lemma 2.7 to (yijﬂ)(i,j)e[, /T, d3, Fy successively for each b € B, x By x By
to obtain a subarray (y7;)ujjer of (¥7;12)G )er such that for all @ € A kyeN, F C
{]{30, ko + 1, ko +2,.. } with |F| = |6| and (io,jo) € I with (]_, ]{?0) <,¢ (ig,jo) <y (ko, mlD(F))
we have for all b € By, X By, , X By, ,: if there exists f € F; having pattern @ € A on
(ko, ') with respect to (y7;)qj)er then there exists g € F; having pattern @ on (ko, ') with
respect to (y7;)j)er and [g(y;, ;)| < ds. Define the elements in the third column (y; ;) j)er
by setting 13 := i3, Y23 := yssand ys3 := y34. Continue in this manner to create the
subarray (yi;)ajjer of (Tig)ajer-

Let f € Ba(X™), ¢ be a p-pattern for p < k, kg € N and F C {ko, ko + 1,ko +2,...} with
|F'| = p such that f has pattern & on (ko, F') with respect to (Yij)Gj)er-

First it is easy to see using (3) that since f € Ba(X*) there is f € F (as defined in (5))
such that

o for all j € F' we have f(yk,;) € Ao and | f(Yky;) — f(Ykos)| < 0o, and
o if we define the finite set G C N by (yk,;)jer = (Tkyj)jeq, then for all (i,j) €
I\ {(ko,j) : 7 € G} we have that |f(z,;) — f(z:;)| <9; and f(z;;) € B;.
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Let @ := (f(Yko,j))jer and note that f has pattern @ on (ko, F') with respect to (vi;)uj)er-
We will find a functional g € (1 + 5)Ba(X*) such that g has pattern @ on F' with respect to
(Yi.4).j)er and ZI’\{(kO,j):jeF} 19(vig)| <e.

We proceed to find such functional g. But first a bit of notation, for a p-pattern @ = (a;)r_;
we define its derivative @ = (a;_1)"_,.

We will walk through the index set I’ = {(i,j) € I : j > ko} proceeding through this
set in <,p-order and at each step find a functional g;; with the property that if (i,j) ¢
{(ko,j) : j € F} then |g;;(y; ;)| will be small and “agree” with the previous functional on
{(@,7") € I' : (7,7") <we (1,9)}. U (4,4) € {(ko,j) : 7 € F} then we will not change the
previously defined functional. We will assume ky; > 3 for purposes of demonstrating the

construction, but if ky = 1 or 2 then we proceed similarly.
STEP (1, k;o) Note (1, ko) & {(ko.7) : j € F'} (since ko > 3). Let

b= (fyra)s fy2n), f(Y22), fFW1), s fUko—1.k0-1))-

Then f € F;, f has pattern @ on (ko, F') with respect to (vi;)jer, (i) )er is a subarray
of (yg’j))(”)ep and (1,ko) <0 (1,ko) < (ko,min(F)), (the last inequality is valid since
ko > 3). Thus there exists g, », € Fj such that g, has pattern a on (ko, F') with respect to

(i j)i.)er and |91,k (Y1,ke)| < Okg- Set Fiy, = F and @4, = a.
STEP (2,ky): Note that (2, ko) & {(ko,j) : j € Fix,} (since kg > 3). Let

b = (f<y1,1)7 f<y2,1>7 f<y2,2)7 ce f(ka*l,kO*l% 91,ko (yl,ko))'

Then g1k, € Fuoechs G1,k has pattern @y, on (Ko, Fir,)) with respect to (y;;)ajer and
(1, ko) <o (2,ko0) <pe (ko, min(F")), (the last inequality is valid because ko > 3). Thus there
exists g, € Fy such that gs , has pattern dy y, on (ko, Fix,) with respect to (y;;)q,j)er and
|927k0(y2,k0)| < 6160' Set F2,lc0 = Fl,ko and 62,k0 = al’ko.

We continue similarly until the (kg — 1, ko) step. The step (ko, ko) is slightly different. We
separate this step into two different cases depending on whether or not (ko, ko) € {(ko, ) :
J € Fro—1ko}-

STEP (ko,ko): If (k’o,k’o) S {(ko,]) 1 j € Fko—lyk’o} then set Gkoko = Ghko—1,kos Fko,ko =
Fko—l,k’o \ {kﬂ} and (_iko,ko = (_i;co—l,ko'
If (k’o, k’o) Q {(k’o,j) j € Fko—l,ko} then (k’o, ]{30) <,y (k’o,mln(F)) Let

b= (f(y1,1>7 f(y2,1>7 f<y2,2>7 S f(ka*lJfO*l)u 91,ko (yl,ko)v 92,ko (y2,k0)7 vy Gko—1,ko (ka*l,ko))'

Then gry—1ky € Fp> Gko—1,k Das pattern dr—1,, on (Ko, Fry—1,k,) With respect to (vi;)ujer
(ij)(i.)er 1s a subarray of (yf])(”)el and (1, ko) <, (ko, ko) <r¢ (ko, min(F')). Thus there ex-
istS Gro,ko € Fj; such that gi, x, has pattern @y,—1x, on (ko, Fro—1,k,) With respect to (y; ;) r,j)er
and gr, ko (Yko, ko) < Ok, In this case set Fiy kg = Fro—1.k A0 Tky ko = Tho—1,k0 -

Then start again with the first entry (1, kg + 1) of the next column as in steps (1, ko) and
(2, ko).
STEP (1,ko+ 1): Note that (1,ky+ 1) & {(ko,J) : j € Fiyxo}, (since kg > 3). Let

b= (f(y11), f(W21), f(Y22), - Gike (Yiko) s 92.k0 (Y2.k0 ) Tko ko (Ykooko))-
Then gro ko € Fis Groko has pattern dy, k, on (Ko, Fiy ko) With respect to (i) jyer, (Yij)ajer
is a subarray of (yﬁfg)(i7j)ef and (1, ko) <p0 (1,ko + 1) <p¢ (ko, min(F)), (the last inequality
is valid since ky > 3). Thus there exists ¢y g, 41 € JF3 such that gy x,11 has pattern dy,r, on
8



(ko, Fo k) With respect to (yi,j)(iyj)e[ and | g1 ko+1 (Y1 ko+1)] < Okgr1- Set Figgr1 = Fg ko and

—

('_il,k‘o—‘rl = a’k‘o,ko'

Continue in this manner to generate a sequence of functionals (g; ;) jjerr- We only need
to distinguish two cases every time we reach the kg row as in step (ko, ko). Let g € (1 +
5)Ba(X™) be a weak*-accumulation point of sequence (g;;)(i,jerr- Note g has the following
two properties:

e g has pattern @ on (ko, F') with respect to (y; ;)¢ jer, and

o Z(z,j)ep\{(ko,z):zep} 9(yi)| <e.
Since g<yko,€) = f(yko,f) € AU for all £ € F' and ’f(yko,f) - f(yko,f)‘ < (50 for all le F7 (3)
implies that there exists g € X* such that ||g]| < [|g|| +5 < 1+ and §(yroe) = f(Yrot) € Ao
for all ¢ € F' (thus § has pattern ¢ on (ko, F') with respect to (v; ;) )er) and

> 19(yis)| < e

(i) €I'\{ (ko,0):te F}
completing the proof. O

Finally we arrive to the

Proof of Theorem 1.2. First, by Remark 2.3 assume without loss of generality that (z; ;) j)er
is regular. Let n > 0 such that

®) 2(2n+1)§2+%

where C'is the basis constant of the regular array (z; ;)¢ jyer.- Apply Lemma 2.8 to (z;;) ¢ j)er,
n and M to get (y; ;) )er- Define y1y :=yi ;.

Apply Lemma 2.8 to (yi{jﬂ)(i,j)el, n and My to get (yzj)(i,j)el- Define y; o = yZQ for
i=1,2.

Assuming that (yf;l)(i,j)e 1 has been defined (and thus (y; ;)¢ j)erj<¢) has also been defined)
apply Lemma 2.8 to (yf;ie_l)(i,j)g, n and M, to get (yi;)ujjer- Define y;, := yff for
i=1,2,... 0.

Inductively construct the entire array (y;;), )er and notice (y; ;) jyer is regular by Re-
mark 2.1.

Let ko € N, FF C {ko, ko + 1, ko + 2, ...} with |F| < Myinr) and finitely supported scalars
(ai ;)@ )er be given. We can assume without loss of generality that

1> aiguigll = 1.
(i,5)el
Then |a; ;| < 2C for (i,5) € I. Let f € Ba(X"*) such that

f (Z ako,jyko,j> = 11> o koil-

jeF jEF
Let @ = (f(yry,j))jer be a p-pattern where p = |F|. Obviously f has pattern @ on (ko, F') with

respect to (v;;).j)er- Then by considering the subarray (y; ;). j)er,j>min(r) Of (y?jin(F))(m)el;jzmm(p)

we obtain by the above that there exists g € (1+7)Ba(X*) having pattern @ on (ko, F') with
respect t0 (Yi5)(igyer and D21 jyerjmin() {(ko0eeery 19(Wig)| < 7. Thus
9



Z i j9(Yij)

1 1
1= Zai,jyi,jll > %H Z @Yl = 2 +n)

j>min(F) j>min(F)
1 1
2 2C 1) > ko 1 9(kos)| — 200+ 1) > ;i 9(Yi j)
JEF {(,5)el:jZmin(F)}\{(ko,j):jEF'}
1 1
(9) > m“ D ko Ykl — 017 > |ai,;l19(yi;)]
Jer {(i,j)€l:j2min(F)\{(ko,j):s€F}
1 1
2 m“ D g kol — 5o > 19(i )
Jjer {(@4):52min(F)\{(ko,j):5€F}
1 1
> IS an vl — ——.
= 20(1 +n)|IJ€ZF ko,j Yko,j 1_{_77"7
Thus by (8) and (9) we have
1 1
1> aiuill =12 s an kol = w51 @ro kol
(ij)el 20(2n +1) jEF C2+3) jEF

Since we can choose (', the basis constant of our regular array, arbitrarily close to 1 (see
Remark 2.3) we have shown the result. U

3. EXISTENCE OF NON-TRIVIAL OPERATORS

In this section we give an application of Theorem 1.2 to the "multiple of the inclusion plus
compact problem”. The problem has been previously studied in [9], [2] and [21]. The main
results of this section are Theorems 3.2 and 3.8. In order to formulate these results we need
some definitions.

Recall that [4, 5, 6] for every seminormalized basic sequence (y,) in a Banach space X
and for every (e,) \, 0 there exists a subsequence (z,) of (y,) and a seminormalized basic
sequence (Z,) (not necessarily in X) such that for all n € N, scalars (a;)!, with |a;| < 1
andn < k; < --- <k,,

n n
|| Zakleﬂzn - || Zal‘%ln < En.
i=1 i=1

The sequence (Z,) is called a spreading model of (x,,). If (z,) is a seminormalized weakly
null basic sequence then (Z,,) is an unconditional basic sequence. Thus if X is an HI Banach
space and (z,) is a seminormalized basic sequence in X with spreading model (Z,), then it
may be easier to study (Z,) than to study (z,) itself.

A similar notion to the next one was introduced in [21].

Definition 3.1. Let (x,,) and (z,) be two seminormalized basic sequences (not necessarily in

the same Banach space), such that (z,) is not equivalent to the unit vector basis of cy. We
10



say that (z,) dominates (x,,) on small coefficients, (denoted by (x,) << (2,) and abbreviated
as “(zp) s.c. dominates (xy,))”, if

im i 2l lag] < ol =1 =
(10) E{%mf{H Zazle la;| <e and || Zalle 1} = o0,
where inf () = oo.

Theorem 3.2. Let X be a Banach space containing seminormalized basic sequences (x;);
and (z}); for all n € N, such that 0 < inf,; ||z}]| < sup,; ||z}]| < co. Let (2); be a basic
sequence not necessarily in X. Assume that (x;) satisfies:

(11) The sequence (x;); has a spreading model (Z;);2, such that (Z;)ien << (2zi)ien-

n

Assume that for all n € N the sequence (!

); satisfies:

. The sequence (x}'); has a spreading model (Z}'); such that
(12) (zi)i, is C-dominated by (Z})7_, for some C independent of n.

Then there exists a subspace Y of X which has a basis and an operator T € L(Y, X)) which
s not a compact perturbation of a multiple of the inclusion map.

For the proof of Theorem 3.2 we need the following three lemmas whose proofs are post-
poned. For their formulation we need to introduce the following

Definition 3.3. A seminormalized basic sequence (x,) has Property P if for all p > 0 there
exists an M = M(p) € N, such that if || Y a;z|| =1 then |{i: |a;| > p}| < M.

Obviously Property P can be equivalently stated with the equality “|| > a;z|| = 17 re-
placed by “|| > a;z]|| <17 (and everything else staying unchanged).

Lemma 3.4. Let X be a Banach space which does not contain an isomorphic copy of {1 and
let (z;) be a basic sequence not necessarily in X. Assume that X contains basic sequences
(z;) and (x}) for all n € N such that 0 < inf,; ||27]| < sup,, ; ||2}| < oo and conditions (11)
and (12) of Theorem 3.2 are satisfied. Then there exist seminormalized basic sequences (X;);
and (Z;) not necessarily in X and for each n € N there exists a basic sequence (X]'); in X
such that 0 < inf, ; | X7'|| < sup,,; [|X7|| < oo and the following conditions are satisfied:

(a) The sequence (X;); dominates (z;):, where (z;); = (Tmy, — Tmy,_,) for some increasing

subsequence (m;) of positive integers, and (x;) is weakly null.

(b) (X;) and (Z;) satisfy (11) of Theorem 3.2.
(¢) (X;) has Property P.
(d) (X1); and (Z;) satisfy (12) of Theorem 3.2.
(e) The sequence (X['); is weakly null for all n € N.

Lemma 3.5. Let X be a Banach space, (X;) be a seminormalized basic sequence in X
having Property P and (Z;) be a seminormalized basic sequence not necessarily in X. As-
sume that the sequence (X;) and (Z;) satisfy condition (11) of Theorem 3.2. Then for all
(0,)525 C (0,00) there exists an increasing sequence My < My < --- of positive integers and
a subsequence (X,,) of (X;) such that for all (a;) € coo,

(13) 1> Xl <sup  sup &> aZill,

nEN n<FCN;|F|<M,, iCF

for some 6; (where “n < F'” means n < min(F)).
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Lemma 3.6. Let X be a Banach space, (9,) be a summable sequence of positive numbers,
(M), € N be a sequence of positive integers, (Z,) be a seminormalized basic sequence
(not necessarily in X ) and for every n € N let (X7')22, be a weakly null basic sequence

in X having spreading model (X]”);";l such that 0 < inf, ; || X7|| < sup, ; [|X]| < oo and
condition (12) of Theorem 3.2 is satisfied. Then there exists a seminormalized weakly null
basic sequence (y;) in X such that

1
(14) so S sup Sl > a@iZil < 1> aiill.
i€EF

n n<FCN|FI<M,

*

Moreover, ||y;|| = % inf, ., | X2||. Furthermore, if (x}) is any given sequence of functionals

in X* and € > 0 we can choose (y;) to satisfy |xly;| < e.
We now present the

Proof of Theorem 3.2. Obviously, if ¢; embeds in X, (or if, more generally, X contains an
unconditional basic sequence), then the conclusion of Theorem 3.2 is satisfied. Thus we can
assume that X does not contain an isomorphic copy of ¢; and consider the sequences (X;),
(Z:), (XI) and (z;) which satisfy the conclusion of Lemma 3.4. Let (9,,)3°, be a summable
sequence of positive numbers. Apply Lemma 3.5 to obtain a subsequences (X,,,), 91 > 0 and
an increasing sequence (M, ),en of positive integers which satisfies (13). For every i € N let
a norm 1 functional x} satisfying xjz, = ||z, ||. Then apply Lemma 3.6 for (d,)nen and
(M,,)nen to obtain a basic sequence (y;) which satisfies (14).

Assume also that (y;) satisfies the “furthermore” part of the statement of Lemma 3.6 for

the sequence (x}) and € = 6y inf,,; || X || inf; ||z;||/ (8 sup; ||z;||). Note that if |A\| > #)II&;{&H
then o

dsup; [lz;|| 61

lzn, + Aysll = [yl = Nl 1| = 5 inf || X7 =Nz, | 2 llz, | = inf 2]

1infn,i HXZ’LH 2 nyi

(by the “moreover” part of the statement of Lemma 3.6). Also if |\| < % then

\ 4 sup; [|z; L.
[z, + Aysll = |25 (@, + Ayi)| = Nz, || = Suint, s [ X7 2 5 int ;-

Thus for all scalars A we have

L.
Iz, + gyl = 5 nf .

g

Thus if we define T": [(y;)] — X by

T(Z aiy;) = Z ALy,

we have that this operator is bounded by (13), (14) and our assumption that (z;); is domi-

nated by (X;);. We also have that for any scalar A, (T'— Aij(y,)j—x) (&) = 2, — Ayx. But since

(yr) and (z;,) are weakly null and (2, — Ayx) is not norm null, 7" — Xij,y—x is not compact.

In other words T' is not a compact perturbation of a scalar multiple of the inclusion. [l
12



Proof of Lemma 3.4. Since ¢; does not embed in X, by Rosenthal’s /; Theorem [18] and a
diagonal argument, by passing to subsequences of (z;), (') and (z;) and relabeling we can
assume that (z;) and (z1'); are weakly Cauchy for all n € N. Set (z;); = (o — T2i-1)s,
(x); = (ab; — b, _,); and (2;); = (22; — 29;-1);. For every n € N the sequences (z;) and (z');
are weakly null. Moreover the sequences (z;); and (z;); satisfy (11) and the sequences (zI');
and (z;) satisfy (12) of Theorem 3.2.

Since (z;) and (zI'); are weakly null for all n € N, and satisfy conditions (11) and (12)
of Theorem 3.2, we have that the spreading models of normalized weakly null sequences in
X are not uniformly equivalent. Thus, (since every normalized suppression 1-unconditional
basic sequence 2-dominates the unit vector basis of ¢y), for every n € N, there exists a nor-
malized weakly null sequence (u}); in X which has spreading model (a}); and there exist
finitely supported scalars (al(-n))i such that || ), az(-n)ﬂ?H > 22" yet max; |a§n)| = 1. By [2,
Proposition 3.2] there exists a seminormalized weakly null sequence (u;) in X having spread-
ing model (&;) such that (i;) 2"-dominates (@?);. Thus || 32, a! @ > =3 aMan| > 2n.
Hence (w;) is not equivalent to the unit vector basis of ¢y. By passing to a subsequence of (u;)
and relabeling we can assume by Theorem 1.1 that (u;) is Schreier unconditional. Moreover,
by passing to a subsequence of (u;) and relabeling we can assume that for any Schreier set

F C N and scalars (a;)ier,

1 N -
(15) 5” D asi| <D anua| <20 asil].

el el el

Define the basic sequence (Z;) by

1Y aiZil| = max(|| Y aizl, 1| Y asusl)),

(first for finitely supported sequences (a;) and then take its completion). Obviously (Z;) has

a spreading model (Z;) which satisfies

1D aiZil) = max(|| Y azll, || ) aitll),

for finitely supported sequences of scalars (a;).

Since (u;) and (zI'); are weakly null seminormalized sequences in X for all n € N, by
[2, Proposition 3.2] there exist weakly null basic sequences (X[*); in X such that 0 <
inf,,; | X7 < sup,; || X}']| < oo and the spreading model (X7); of (X!); 1-dominates the
spreading models of both sequences (z!); and (u;). By the definitions of (X); and (Z;) it is
obvious that (X['); and (Z;) satisfy condition (12) of Theorem 3.2. Thus we have satisfied
conditions (d) and (e) of Lemma 3.4. It remains to define the basic sequence (X;) in order
to satisfy (a), (b) and (c).

Before defining (X;) we define an auxiliary basic sequence (u; ) by

1 m—1
1Y aiug || = sup ———| > au
: 7 Wy Lm_n - i Will,

1<n<m

where

k
Ly =11 wl,
=1
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(first for finitely supported sequences (a;) of scalars and then take the completion). Obviously
(u; ) is seminormalized since

inf; ||uJ|| _ sup; |ju;| Izl :
—_— , for all 7.
< < S
Notice that
~ s Il La
12wl = Ly,
I
1 n
> 1—}——CH | Z u;|| (where C' is the basis constant of (u;))
i=[n/2]
1| 1 ~
> gl 3l ooy (15))

i=n/2]
where the last quantity tends to infinity as n — oo since the basic sequence (1;) is spreading,

unconditional and not equivalent to the unit vector basis of ¢y. Thus

n

(16) ||Zui_||—>ooasn—>oo.
i=1
Claim 1: (u; ) << (u;).
In order to prove Claim 1, let 0 < ¢ < 1 and choose N € N such that /L, > 2C'/e for all
k > N (by (16)) where C' is the basis constant of (u;). Let

. ev Ly
0 := min

g sup, [uslln”

Let (a;) be a finitely supported sequence of scalars such that || > au; || = 1 and |a;| < 9.
Let 1 < ng < mg such that

mo—1
(17) L= au; | = *H > aw.
mo 0 j=ng
Notice that if mg — ng < N then
mo—1
a; Ul < —-n max a;| sup ||u;
TEl 2wl < et =) ool

1
< -
V Lmo—no
1 €4/ Lm —ny
< ———=(mo — o) L sup ||wl|
V Ling—no sup; [|uil|(mo —no)

=<1,

(mo — no)d sup lu|
(2

14



which contradicts (17). Thus mg — nog > N. Therefore, if C' is the basis constant of (u;),
equation (17) implies that

mo—1

1 1 1 2C 1
| ZaiuiH 2 %H Z azu;l| > 30V Limg—no > W0 o

1=no

(by the choice of N and the fact that mg — ny > N). This finishes the proof of Claim 1.
Since (u;) is Schreier unconditional, we easily obtain that (u; ) is Schreier unconditional.

Also it is easy to verify that (u; ) has a spreading model (@; ) which satisfies

1 m—1
Zaﬂ-’ = su Za-&-
IS el = swp e 3 aitl,

for all finitely supported sequences (a;) of scalars. Thus by (15) we obtain that for any
Schreier set F' C N and scalars (a;);er,

1 . _ _
(18) 5| doaty | <Y awg |l <20 ) |

ieF ieF icF
Also, since (1;) is unconditional we obtain that (@; ) is unconditional. Since (a; ) is spreading,
unconditional and it is not equivalent to the unit vector basis of ¢y (by (16)), it is easy to
see that (@, ) has Property P.

Claim 2: (u; ) has Property P.

This will follow from the fact that (@, ) has Property P, equation (18) and that (u; ) is
Schreier unconditional. Indeed, let p > 0. Since (@; ) has Property P, there exists M € N
such that if || >- a;tl| < 1 then [{i : [a;| > 35;} < M (where Cys is the Schreier uncondi-
tionality constant of (u; )). Assume that || > bu; || < 1and let A= {i:|b;] > p}. We claim
that |A| < 3M which finishes the proof of Claim 2. Indeed, if |A| > 3M then let A;, Ao C A
with Ay U Ay = A, a3 < ap for all a1 € Ay, ay € Ay and |Ay| = [|A|/2]. Since |A| > 3M we
have that

(19) |As| > M.
Since A, is a Schreier set we obtain by (18),

1> " bitis || < 201> baug || < 20| Y baug || < 2Cs.

1€As 1€Ag
Therefore
bi
1Y sl < L.
i€ As 2OS
Hence [{i € Ay : |2gs > 36-3H < M ie. [As] < M which contradicts (19). This finishes the

proof of Claim 2.
Now define the basic sequence (X;) by

1> aXill = max(|| Y aill, || Y awui I,

(first for finitely supported sequences (a;) of scalars and then take the completion). Obviously
(X;) dominates (x;) thus (a) is satisfied. Since (u; ) has Property P we obtain that (X;) has
15



Property P, hence (c) is satisfied. Also, since (z;) << (z;) and (u; ) << (u;) we have that

(Xi) << (Z;), therefore (b) is satisfied. O
Now we present the proof of Lemma 3.5. Our arguments resemble the ones found in [2].
Proof of Lemma 3.5. Since (X,,) has Property P, for each p > 0 we can define M = M(p)

such that if || Y a;X;|| = 1 then [{i: |a;| > p}| < M.
Let (g5)32, be such that

D

j=2

N | —

Since (Z,) >> (X,) by (10) we may choose a decreasing sequence (p;)52; € (0, 1] such
that >, \/p;(j + 1) < 1/4 and satisfying the following: for all (a;) € coo With |a;| € [0, /pj]
for each 7 and || Y a;%;|| = 1 we have

(20) 1Y S aXil <> aiZill.

Finally let M; = M(p,) as above.
By the definition of spreading models, by passing to a subsequence of (X;) and relabeling,
we can assume that if j < F' and |F| < M; then for all (a;) € coo,

1 5
(21) §H daX| <D aXl <20 aXi.

i€l el el

Now fix (a;) € coo such that [|Y a;X;[| = 1. For j € N consider the vector § =
Zi>i;ﬂj<|ai\ﬁpj—1 a; X;. If ||g]| = VPi-1 then

~ ~ Q - a; o
gl =[glll5= I = ||y||H =X
[l 2 Tl
pi<lai|<pj—1
- a; . a;
<|[gllej—1 Z WZi (by (20) since Z ﬂXi =1)
> WY > WY
pi<lai|<pj—1 pi<lail<pj—1
=&j-1 Z CLiZi .
i>7
pi<lail<pj—1

Thus in general, (without assuming that ||g|| > \/p;—1), we get

(22) gl < Vo +eall Y. wZi

i>g;05<|ai|<pj-1
16



Let po be twice the basis constant of (X;) divided by the inf; || X;||. Since || > a;X;|| = 1,
we have that |a;| < pp.

=Y ax <Y x|

3= pi<lail<pi

o0 [e.9]

A Y wxi+1 Y wxi<3 Y ax
p1<|ai|<po J=2  i<gipi<lail<pj_1 J=2  i>gipi<lai|<pj_1
(o] o0
< sup G aZil|+) e +2) | > a; Xi
FEN,|F|<M ek =2 J=2 i>jipi<lail<pj-1

where
1> ier @i Xil] , F
8, = sup {16— : (a;)ier © C with |F| < My and (a;)iep # 0
[ erad " )

which is clearly finite by using an ¢; estimate for the numerator and an /., estimate for the
denominator. Note the third piece of the last inequality is true by (21) since the cardinality
of {i > j:p; <la;| <pj_1}is at most M;. Continuing the calculations from above, we get

1 (o, ¢] (o ¢]
1< sup 51||Zaizi||+Z+221/—pj_1+225j_1|| > aiZi| by (22)
i€F j=2 j=2

FCN,|F|<M; i>j;p5<|ai|<pj—1

1 2 e
S sup 51”ZazZz|| +§+2Zg—15]” Z CL,ZZH
ieF j=2 J

FERIFISMn i>jip; <lail<pj—1

1
< swp 8w+ +sp  sup 6D aiZi.

Thus
L<2sup  sup 6, Y aiZi|

neN n<FCN;|F|<M, i€eF

proving the lemma. [
Now we present the proof of Lemma 3.6.

Proof of Lemma 3.6. Assume that for each n € N (X]M)] has spreading model (X]M)]Nil,
(X]]-M")j C-dominates (Z;)}% and moreover if |F| < M, and (a;),cr are scalars then

1 <7 ~
(23) SIS G X< I a X <2 a X

jEF jEF jeF
By Remark 2.3 by passing to subsequences and relabeling, assume that (X JM")(,IJ)E ; forms a

regular array with basis constant at most equal to 2. Apply Theorem 1.2 to (X JM")(n,j)e 7 to

get a subarray which satisfies the conclusion of Theorem 1.2. By relabeling call (X ;‘4")(”7]-)6 I

the resulting subarray. Define
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J
M-,
Yi = Z 5"ij
n=1
where (¢;) is an increasing sequence of positive integers which guarantees that |z}y;| < e.
Note that (y;) is weakly null since (X JM") ; is weakly null for all n and d,, is summable. Since
(X]J-wn>(n7j)€] is regular, (y;) is a basic sequence with
o1 . n
(24) oyl > & inf X1

(since the basis constant of (X ]M")(n,j)e 7 is at most equal to 2 by Remark 2.3). Since (9,,) is
summable, (y;) is also bounded. Fix n € N and let n < F C N, with |F| < M,,. Then

1
1)~ ajyll > > 62a;X"|| (by Theorem 1.2)

JEFj2n

1 -
|l > G X (by (23))
JEF;j2n
1 3
=Y Sy X
JEF;jZn
where the map F' 5 j— k; € {1,2,...,|F|} is a 1-1 increasing function
1
250l > a;Z;) (by (12))
JEF >N

Thus )
HZ%‘%‘H > SUp == sup 5n”2aiZiH'
" i€F

n<FCN;|F|<M,
O

An easy corollary of Theorem 3.2 is Theorem 3.8 which is obtained if we set (z;) to be the
unit vector basis of ¢, for some fixed p € [1,00). In order to formulate Theorem 3.8 we need
to recall the notion of the Krivine set of a 1-subsymmetric (i.e. l-equivalent to all of its
subsequences and unconditional) basic sequence.

Definition 3.7. Let (x,) be a 1-subsymmetric basic sequence in some Banach space. The
Krivine set of (x,,) is defined to be the set of all p’s in [1,00] with the following property.
For alle > 0 and N € N there exists m € N and scalars (A\y)j, such that for all scalars

(an)g:p

N
1

Ml @)nlally < 1Y~ anyall < (14 2)l (@)l

1+e —
where

Yn = Z )\kx(nfl)erk fOT n=1,...,N
k=1

and || - ||, denotes the norm of the space C,.
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The Krivine’s theorem as it was proved by H. Rosenthal [17] and H. Lemberg [13] states
that if (z,) is a l-subsymmetric basic sequence then the Krivine set of (x,) is non-empty.
In particular, if (x,) is a seminormalized weakly null basic sequence in a Banach space
having spreading model (Z,) then (Z,) is 1-subsymmetric, hence the Krivine set of (Z,,) is
non-empty.

Theorem 3.8. Let X be a Banach space. Assume that there exist seminormalized basic
sequences (x;), (y;) in X such that (x;) has spreading model (Z;) which is s.c. dominated by
the unit vector basis of {,, for some p € [1,00) and (y;) has spreading model (g;) which is
unconditional and p belongs to the Krivine set of (§;). Then there exists a subspace Y of X
with a basis and an operator T € L(Y, X) which is not a compact perturbation of a multiple
of the inclusion map.

For applying this result for p = 1, recall that by [2, Proposition 2.1], a seminormalized
subsymmetric basic sequence is not equivalent to the unit vector basis of ¢; if and only if
it is s.c. dominated by the unit vector basis of ¢;. Thus Theorem 3.8 for p = 1 implies [2,
Theorem 6.4].

Proof of Theorem 3.8. Since p belongs to the Krivine set of (g;) then for all n € N there
exists (z');en a block sequence of (y;) of identically distributed blocks such that any n terms
of (#7)ien are 2-equivalent to the unit vector basis of 7. Then apply Theorem 3.2 for (2;)
being the unit vector basis of ,,. U

4. AN APPLICATION OF THEOREM 3.8

Next we give an application of Theorem 3.8. As mentioned before the “multiple of the
inclusion plus compact” problem is non trivial only in HI-saturated Banach spaces. The HI
space to which Theorem 3.8 will be applied was constructed by N. Dew [7], and here will
be denoted by D. The construction of the space D is based on the 2-convexification of the
Schlumprecht space S [20] in a similar manner that the space of T.W. Gowers and B. Maurey
[11] is based on S. We recall the necessary definitions.

Let X be a Banach space with a basis (e;). For any interval £ in N and a vector x =

>_xje; € X define Bz = ) xje; € X. There is a unique norm [|-|[s on cop which satisfies:

¢
1
|z][s = sup {m Z |Eir|s: By <--- < Ez} V lzflew
=1

where f(¢) = logy(¢ + 1). The completion of ¢y under this norm is the Banach space S.
Let S5 be its 2-convexification. Recall if X is a Banach space having an unconditional basis
(e,), then we can define the 2-convexification X, of X by the norm

1D anvenllx, == (1) asenllx)"?
where (y/e,) denotes the basis of X5, (we will talk more later about the “square root” map
from X to X3). We will show that the spreading model of the unit vector basis of D is the
unit vector basis of Sy. Before we do this we must see the definition of D.
In order to define the Banach space D, a lacunary set J C N is used which has the
property that if n,m € J and n < m then 8n* < logloglogm, and f(minJ) > 45%. Write

J in increasing order as {j1, jo,...}. Now let K C J be the set {ji,Js,J5, -} and L C J
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be the set {ja,j4,76,---}. Let Q be the set of scalar sequences with finite support and
rational coordinates whose absolute value is at most one. Let o be an injective function
from Q to L such that if 2y, ...,z is such a sequence, then (1/400)f(c(z1, ..., 2)Y40)z >
#supp (Z;Zl z;). Then, recursively, we define a set of functionals of the unit ball of the dual
space D* as follows: Let

={)de;, :neN, [N\ <1}

Assume that D; has been defined. Define the norm || - || on ¢y by
(25) [2l[x = sup{[z”(2)| - " € Dy}
and let || - ||; denote its dual norm. Then Dj_, is the set of all functionals of the form F' z*

where F' C N is an interval and z* has one of the following three forms:

¢
(26) ZF = Z ;2]
i=1

where 320 |oy| < 1and zF € D} fori=1,...,L
* 1 *
(27) zF = Zaizi

where S0 a2 <1,z- e Difori=1,...,¢, and 2f < --- < 2.

(28) - Z 2} where 2] = Z 7]—
Y\ f H z ,J Hk

for certain («; ;) where Z” ozw- <1 (o ’s are expllcltly chosen in [7], but the exact
values are not needed for our purposes) where 2 € Difor1 <i</land1l < j<m,,
21 < <2, < 23q <0 < 204, M1 = Ju, B2 has rational coordinates for some 3 > 0
(whose exact value is not needed for our purpose), m; 1 = o(f8z5,...,0zf),fori =1,...,(—1
and F is an interval.

Finally, the norm of D is defined by

l|z||p = sup{z*(z) : =" € U2 D;}.

Proposition 4.1. The spreading model of the unit vector basis of D is the unit vector basis

Of SQ.

Proof. From the definitions of the two spaces it is easy to see that for (a;) € coo, || D aieills, <
| > " aies|lp ((en) will denote the bases of both spaces Ss and D but there will be no confusion
about which space we consider at each moment). Thus to show Proposition 4.1 we need only
show for any given € > 0, and finitely many scalars (a;)Y., there exists ng such that for any
ni,Na,...,ny € Nwith ng <n; <ns <--- <ny, we have

lzllp < lylls, +e.

where x = Zfil aie,, € D and y = Zf\;l a;e; € S9. This will follow immediately once we
show by induction on n that for any n € N, ¢ > 0 and scalars (a;)Y., we have
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(29) lelln < llylls, + ¢

where || - ||, is defined in (25). For “n = 0" we have ||z||o = maxj<;<n |a;| < ||y||s,. Now for
the inductive step assume that (29) is valid for n. Let € > 0 and scalars (a;) ;.

First note that by the induction hypothesis there exists nj € N such that for all n} < n; <
ng < -+- < ny we have

(30) [zl < llylls, +e.

Secondly, by the inductive hypothesis there exists nZ € N such that for all 1 < iy < jo < N
and n2 < ny <ny < --- < ny we have

Jo Jo
g
(31) 1Y " aienlln < 1> aieills, + ik

=10 =10

And finally there exists jo € L such that \/%NHyHS? <e Let G=0"1({1,2,...,50 —

1}), So G is a finite subset of finite sequences of vectors with rational coefficients. Let
ng be the maximum of the support of any vector in any sequence in G. And then set
ng = max{ngy,ng,ny}. Recall the norming vectors z* € D7, can be one of three different
types. Each type of functional will present us with a different case.

CASE 1: Let z* be given by (26). Then

|2 (@)] < Z ||z ()|

l
<D lail(llzls, + <) (by the (30))

=1

= [llls, +¢.

CASE 2: Let z* be given by (27). Thus for ng < n; < ng < --- < ny we have

IN

*(x L e ol 25 (x
2" ()] m;l illZ ()]

)4
i 2ol ()

where Ej is the smallest interval containing the support of z} intersected with the support

of z. Continuing the above calculation we have
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ZI a;|([| Ejzlls, + \/—) (by (31))

1/2 Z HE I||2 1/2+5

(by Cauchy—Schwarz 1nequahty since there are at most N many nonempty E,’s )
< llls, +e.
CASE 3: Let z* be given by (28). We can of course assume z*(x) # 0 thus let iy be the

smallest natural number such that

U2 supp (27) N {no + 1,n0 +2,...} # 0.
Then by the definition of n3 we have that o (32}, 3235,...,82F) > jo for ig+1 < i < £. Thus

(32)
|z*<x>|
m“’ 1 1 filie
< az-,-z;:~<as>\+ ipsigll7 o ()] + -
\/f ‘\/fmlo — VIO f(mig ; e
1 1 1 .
<Xyl rer- 3 unsill# o1 (@) + - - (by CASE 2)

A (13)

~~

\/f<£) \/f(mi0+1) {lngmiOH:ZfOH,jx#O}

< ||y||s +e+ N(llylls. +¢),

y f( 2 <*/f \/ f (o) 2
where the last inequality is valid since |oy ;| < 1, [2;(2)] < |27 5 l2lln < [lz)ln < ylls, + ¢,
m; > jo for all ig + 1 < i < ¢, (by the choice of ng), and there are at most N many indexes

(4,7) for which z;;(x) # 0. The last expression in equation (32) is at most equal to ||yl|s, +3¢
which finishes the proof. O

For the following remark we will need a bit more notation. If X is a Banach space having an
unconditional basis (e,) and X3 is the 2-convexification of X then for x = > a,e, € X then

there is a canonical image of z in X, which we define as \/z = ) sign(a,)/|an|/€n € X
(where (y/e,) denotes the basis of X5).

Remark 4.2. Let 1 < p < oo. Let X be a Banach space with an unconditional basis (e;);
and let (\/€;); be the basis of Xo. Then p is in the Krivine set of (e;) if and only if 2p is in
the Krivine set of (\/€;).

Proof. Let n € N and € > 0 be given. Since p is in the Krivine set of X, there exists a block

sequence (v;)"_; of (e;) such that for any scalars (a;)?; we have that
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1 n n n 1

py1/ oy P\

1+5(ZZI%) P <l izlazvzﬂ <(1 +€)(;ai)p
Let w; = \/v; € X, and scalars (a;); then

n

n n
1 1
IS e, = 1Y aull < (1+)(> a7
i=1 i=1

i=1
and
n n 1 1 n oo L
1Y aawillx, = 1Y avill} > 1 +€(Z a;")%.
i=1 i=1 i=1
The proof of the converse is similar. O

It is known [20] that the Krivine set of the unit vector basis of S consists of the singleton
{1}. Thus by Remark 4.2 we have:

Remark 4.3. The Krivine set of the unit vector basis of Sa consists of the singleton {2}.

Proposition 4.4. Let X, Y be Banach spaces with unconditional bases, (z,) be a basic
sequence in X, (y,) be a basic sequence in'Y" such that (x,) >> (y,). Then (\/T,) >> (\/Yn)
where (\/T,) and (\/y,) are the canonical images of (x,) and (y,) in Xo and Yy respectively.

Proof. Note that

n—oo ACN;|Al=n n—oo  ACN;|Al=n

(33) liminf _inf | /@y, = liminf inf ||in||§(:oo,
€A €A

Also
Ay (@) = sup{|| Y ai/Filly, : lai|l < e and || aiy/ai)x, = 1}
(34) = (sup{[|>_ a?yilly : |ai? < €% and | D alwif|x = 1})2

1
S (A(xn)7(yn)<62))2 .
The result follows immediately from (33) and (34). O

It has been shown in [2, Proposition 2.1] that if (e,) is the unit vector basis of ¢; and (f,,) is
a normalized subsymmetric basic sequence which is not equivalent to (e,,) then (e,) >> (f,).
Thus since the unit vector basis of S is normalized and subsymmetric we have that the unit
vector basis of ¢; s.c. dominates the unit vector basis of S. Thus Proposition 4.4 gives:

Remark 4.5. The unit vector basis of s s.c. dominates the unit vector basis of Ss.

Theorem 4.6. There exists an infinite dimensional subspace Y of D having a basis and
T € L(Y,D) such that T ¢ Ciy_p + K(Y, D).

Proof. We will refer to (s;) as the unit vector basis of the Schlumprecht space S and (,/s;)
as the unit vector basis of S;. Then apply Theorem 3.8 for p = 2 and (z;); = (vi); =
the unit vector basis of D. By Proposition 4.1 we have that (,/s;) is the spreading model
of the unit vector basis of D. By Remark 4.3 we have that 2 is in the Krivine set of

(v/5i). By Remark 4.5 we have that the unit vector basis of ¢ s.c. dominates (y/s;). Thus
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by Theorem 3.8 we have that there exists an infinite dimensional subspace Y of D and

T € L(Y, D) such that T ¢ Ciy_p + K(Y, D). O
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