ELTON NEAR UNCONDITIONALITY OF ARRAYS
F. SANACORY

ABSTRACT. There are many notions of partial unconditionality defined for a weakly null
basic sequence in a Banach space. In 2008 the idea of Schreier unconditionality was extended
to a structure in Banach spaces called arrays. Here we extend the idea of Elton near
unconditionality to arrays.

0. INTRODUCTION

The mission of finding unconditionality in every Banach space ended in 1993 with the
Banach space of Gowers and Maurey [6] in which there is no unconditional basic sequence.
However the search for unconditionality was not in vain. There have been several partial
results. And work in finding these partial unconditionalities continues in [2], [3] and [7].
Generally, these partial unconditionalities are found in every weakly null basic sequence.
Two of the first such partial unconditionalities are: Elton §-near unconditionality [4] (which
can be found in [10]) and Schreier unconditionality (see [8], [11] and [9]). In 2008 in [1]
Schreier unconditionality was extended to arrays in Banach spaces. Herein, we will extend
d-near unconditionality to arrays in Banach spaces.

First we define the structures we will need using the same definitions found in [1]. Let
I={(i,j) € N*:i < j}. Define an order on I (reverse lexicographical order) as

J1 < Ja, Or

(i1, 1) <re (i2, j2) if and only if { S S
J1 =72 and 71 < io.

We say an array is a collection of vectors (x; ;) )er in a Banach space so that for each
iop € N we have (z;,);j>ip:jen 18 @ seminormalized weakly null sequence. A subarray of
(xi,j)(m)e[ is an array (yz‘7€)(i75)61 so that for each iy € N there is some increasing sequence
(né‘))g’il in N so that y;, ¢, = T mi0 for all £ € N. A regular array is an array when ordered

with <,, is a basic sequence.

1. THEOREM
The original theorem by Elton for sequences is as follows:

Theorem 1.1 (J. Elton). Let (x;) be a normalized weakly null basic sequence in a Banach
space X. Then there exists a subsequence (y;) of (x;) such that for any 6 > 0 there is
C = C(9) so that for any (ay) € coo with |a,| <1 and for all F C {supp (a;) : |a;| > 0}
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1Y~ azysll < COID - azyll.
i€F
Moreover, C'= C(0) is independent of the sequence.

One of the powers of the array (as seen in [1]) is preserving the properties of each row (ie
(@i j)j>ip:jen). We extend Theorem 1.1 to arrays and preserve the rows. That is, Elton type
projections on rows are bounded.

Theorem 1.2. Let (mi,j)(m)g be a normalized reqular array in a Banach space X. Then
there exists a subarray (i ;)ujyer of (%i;)ajer such that for any 6 > 0 there is C = C(6)
so that for any (anm) € coo(I) with |anm| < 1 and for any kg € N and F C {(ko,j) €
supp (ai) : |ai;| = 0}

1D otk < COND aiisl-

(ko,i)EF
Moreover, C'= C(0) is independent of the sequence.

2. PROOF

The main ingredient in the selection of the array is Ramsey theory; and the particular
flavor of Ramsey theory we will be using is Theorem 2.1 by Galvin and Prikry [5]. For M,
an infinite subset of N, we say [M] = {(n;)2; € M :ny <ng <ng < ---}. And we say [M]*

Theorem 2.1. Let [N]¥ = PyU Py U---U Py_y where each P; is Borel. Then there is an
infinite H C N so that for some i € {0,1,...,k — 1} we have [P]* C P;.

Now a few general remarks about arrays (can be found in [1]).

Remark 2.2. If (xi,j)(m)ef 1s a reqular array and (yi7j)(i7j)ef 1s a subarray of (mm.)(i’j)e[ then
(Vij)@j)er s also regular.

Remark 2.3. Let (z;)Y, be a finite basic sequence in some infinite dimensional Banach
space X having basis constant C. Let (y;) be a seminormalized weakly null sequence X and
e > 0. Then there ezists an n € N such that (x1,%2,...,TN,Yn) 1S a basic sequence with
constant C(1 +¢).

By repeated application of Remark 2.3 we obtain the following.

Remark 2.4. Let X be a Banach space and for every i € N let (z;;)52; be a seminormalized
weakly null sequence in X. Then there exists a subarray (yi;)ujer of (%ij)ujer which is
reqular. Moreover, the basis constant of (y;;)a,jyer can be chosen to be arbitrarily close to 1.

We begin with Lemma 2.5 which roughly says that given any regular array and some i,
for any functional f there is another functional g which preserves the positive mass of f on
some subset of I and is very small at some point (ig, jo) in the array. For f € X* we say
fH(x) = f(x) if f(z) >0 and f(x) = 0 otherwise.

Lemma 2.5. Let (x; ;) jer be a reqular array in a Banach space X, F C 2Ba(X*), 6 > 0,

io, ko € N and K > 0. Then there exists a subarray (yi;)ujer of (%ij)ujer such that for

any B = {b1,by,...,b,} C {ko, ko + 1,ko +2,...}, and any jo € N where (io, jo) <r¢ (Ko, b1)
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we have the following property:
If there exists f € F so that 37F_, " (Yho;) > K
then there exists g € F so that 330, g (Yikoby)) = K and [9(Y(igjo))| < 0.

Additionally if (%) jyer is a subarray of (i) jer the above property still holds.
Proof. Let

k
Sk = {M = (m;)2, € [N] : if there is f € F with Zer(xkO,mi) > K
i=2

k
then there is g € F with Zg(mkom) > K and |g(zig.m, )| < (5}
i=2

Let S = N32,Sk. Notice each Sy is pointwise closed. Thus S is Borel and by Theorem 2.1
there is M € [N] so that either [M] C S or [M] C [N]\ S.

Assume (toward contradiction) that there is an M = (m;) € [N] so that [M] C [N]\ S.
Let n be arbitrary and for each j with 1 < j < n define L; = {m;, m,41,Mp42,...}. So
L; ¢ S. Thus for each j with 1 < j <n there is f; € F and ¢; € N so that

£
Z f;_(xko,mi) > K
i=2

and |f;(zigm;)| > 6. Let £;, = min{/;}. For each j with 1 < j < n we have L; ¢ S and
S, i (Thgm) > K thus |fj,(25,m;)] > 0. Since n is arbitrary we have that for each n
there is a f,, € 2Ba(z*) with | f,,(2i,m,)| > ¢ for all j with 1 < j < n contradicting (z, ;)32
is weakly null. Therefore there is some (m;) € [N] so that [(m;)] € S. Define

Ti,j if (Zaj) <re (7’-07]-0)7
Yij = § Tig,ma if (Za]) = (Z.Oij))
Tim; sopn if (5,3) >re (i0, Jo)-

O

We continue by extending Lemma 2.5. In Lemma 2.6 we generate another regular subarray
with the property that for any functional f we can find another functional g preserving the
positive mass on that same subset of I. And additionally, we gain freedom as to the array
vector that will be small on g.

Lemma 2.6. Let (x; ;) jyer be a reqular array in a Banach space X, K < oo, F C 2Ba(X*)
and § > 0. Then there exists a subarray (yi;)uer of (%ij)ajyer such that for any ko € N,
any B = {b1,ba,...,b,} C {ko ko + 1, ko + 2,...} and any (ig,jo) € I with (1,ky) <,
(70, Jo) <re (ko,b1) we have the following:

If there exists f € F so that Z?Zl Tt Wikony) = K
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then there exists g € F so that 375_, g(Yikob;)) = K and |g(Y(ig40))| < 9.

Proof. We will define a subarray recursively on the column index (that has been the second
index j).

For j = 1 apply Lemma 2.5 to (2; ;) er, F, 6, K, ig = 1, and ko = 1 to obtain a subarray
(i) grer of (xij)ajer with the property that for any B = {by,bs,..., b} € {1,2,3,...},
and for any (1, jo) <,¢ (1, min(B)) we have the following property:

If there exists f € F so that 37, f+(y(117bj)) > K

then there exists g € F so that »7_, g+(y(11’b]_)) > K and |g(y(117j0))] <.

For j = 2 apply Lemma 2.5 to (yi{j)(i7j)€1, F, 0, K, and then successively for each pair
10 =1, and kg = 2, 39 = 2, and kg = 1, and 7y = 2, and ky = 2 to obtain a subarray
(47 ;) Ggyer of (Ui;)@ger with the property that for any B = {by,bs,...,b,} C {1,2,3,...},
where i, ko € {1,2} and (1,2) <,s ({0, Jo) <r¢ (ko, min(B)) we have the following property:

If there exists f € F so that 3 ¥, f+(?/(2k0,bj)) > K

then there exists g € F so that 327, " (v, ) = K and [g(yf;, ;)| <9

For j = r (for some r > 1) apply Lemma 2.5 to (y{;l)(i,j)g, F, 0, K, and then successively
for each pair (ig, ko) € {(7,70) : 1 < i < jo} U{(jo,J) : 1 < j < jo} to obtain a subarray
(Y7 ;) jyer of (yf’;l)(i,j)g with the property that for any B = {by,bs,...,b,} C {1,2,3,...},
where ig, ko € {1,2,...,ko} and (1,7) <,s (ip,Jo) <r¢ (ko,min(B)) we have the following
property:

If there exists f € F so that 37, fﬂy@;ﬁbj)) > K

then there exists g € F so that »"_ g*(y(,;ibj)) > K and |g(y[; )| < 0.

(i0,50)

Define the subarray y; ; = yij for all (i,j) € I of (;;)¢, )er- We have built our subarray
and now we will show it satisfies the criterion above.

Let (’io,jg) c I, k(] € Nand B = {bl,bg,...,bp} Q {ko,kl,kQ,...} so that (1,]€0) SM
(i0,J0) <re (ko, min(B)). Sinqe (Yij)@ij)er is a subarray of (yff})(i,j)g we have for B’ =
{69, 05, ..., b} where yg, 5, = yi‘;’b,l SO th@t
if there exists f € F so that Y 7_, fﬂy{imb;)) > K

then there exists g € F so that > 7_ gJF(y{/,O€O yy) = K and lg(y?° . )| < 6.
)

(40,J0)
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Thus If there exists f € F so that > 7| [ (ywkop,)) > K
then there exists g € F so that »7_; g% (yY(kop,)) > K and |g(y JZOO o)l <6

0
0, )

) €

Lemma 2.7. Let (z; ;)¢ jyer be a reqular array in o Banach space X, € > 0 and § €
Then there exists a subarray (yi;) @ jer of (2ij)jer so that if f € Ba(X*), ko € N, (i,
and BC {j € N:j<j and f(yr,;) > 0} satisfies

Z f(yk(),j) > £

JjEB

{
J

then there is a g € Ba(X™) with

Zg+<yko,] 1_ Zf yko] and Z |g Yij |<5

JjEB JEB (i,5)eC

where C = {(i,7) € I : (i,7) <pe (1,7)} \ {(ko,7) € I : j € B and g(yx,;) < 0}. Additionally
all further subarrays of (Y ;)ajer also have this property.

Proof. Let 6,, = 27%» where (k,) is a fast increasing sequence in N that satisfies the following:
o §; < 1% and
° >0 < %
Let Ag={ —1+4ké :ke{0,1,2,...28}1. So each Ay is an dp-net for [—1,1]. We will
construct (y; ;) inductively.
For each a € A; define

Fu={f € Ba(X"): f(v1,) € a}.

And for each a € A; we apply Lemma 2.6 to (z;;)qjyer, 0 = 02, F = F, and K = ké,
for k € {1,2,...,0,%} to obtain a subarray (yzljl)(”)el so that for any ky € N, any B =
{bl,bg, e 7bp} Q {]{30,]{?0 + 1,k’0 + 2 } and any (207]0) € [ with (1 ]{70) Y (io,jg) <y
(ko, min(F")) we have the following: If there exists f € F so that Y0 p f* (Ykos,)) > K
then there exists g € F so that Y7, 9(Ykes,)) > K and [g(Y(ieer))| < 0.

Set Y11 = ?JH
For each @ € Al x A, define

@ = {f € Ba(X") : f(y11) € a(1) and f(yy3) € a(2)}.

And for each @ € Al x Ay we apply Lemma 2.6 to (yi?’j)(m)g, 0 = 6y, F = F, and
K = ké, for k € {1,2,...,6,%} to obtain a subarray (yi’f)(i,j)g so that for any kg € N, any
B = {bl, b2, Ce ,bp} g {]{70, l{}g + 1, ]{ZO —+ 2, .. } and any (iﬂij) € I with (1 ]{Zo) rl (io,jo) <

, . . 1.2
(ko, min(F')) we have the following: If there exists f € F so that Y 7 _p f*(y Yk b; )) > K
then there exists g € F so that > 7_ L9y, ko b)) = K and [g(yioe)| < 6.
Set y172 — y172.
Continue “walking” through the entire index set I in <,, order setting a vector in our

(ij)(i.5)er after each step.
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Now that we have finished generating the subarray we move to proving the conclusion. So
let ko € N. Let f € Ba(X*) and B C {j <j: f(yro) > 0} so that > . p f(yr,;) > €. Let
7% be minimal so that

Zf yko] S

jeEB

S0 > icn f(Yroi) > (Sj*%l if j* > 1. Note

Z f(yk’o,j) > Zf(ykod ] - 1 Z yk’o] - 1)6]‘*—1L

jEB:j>j* jeB B 0js—1
>Zf Ykoj) — (37 — 1)ju f (Uro.4)
jEB jEB
> (1-6/10) 3" i) since (j* — 13,1 < 5/10.
jeB

Since (y;,;),j)er is bimonotone there is f € Ba(X™) so that
o f(yiy) =0 for all (i,7) <¢ (ko,j*) and
o f(yig) = [(yig) for all (i, 5) = (Ko, j%).
S0 > ienzic f Wkoi) = D ienijsj- f Uno,j)- We will “walk” through the array to generate our

functional g that satisfies the conclusion of the lemma.
STEP (ko,j*): If (ko,j*) € {(ko,7) : j € B} then let

Gkoj» = fand By, j» ={j > j":j € B}.
Otherwise we have (ko, j*) € {(ko,j) : j € B}. Let k be maximal so that 3. p... i f(yk,;) >
koj- and Fz where @ = f(y1,1) X f(y1.2) X f(y2.2) X -+ - X f(Yky,j+)- By conclusion of Lemma 2.6
where F = F; and K = kdj«, since f € F; there exists gy, ;» € Fz so that:
b ZjeB;j>j* gljo,j* (Yro,j) > kdj+ and
® |9tko.g*) (Yrog)| < 8-
Now we proceed to the inductive step case taking care to note that j € By ; we know
J(Yro,5) > 0 but we do not know if gy j(yx, ;) is positive or negative.
STEP (¢/,j")+1 (given (¢/,7")): If (¢, ") € {(ko,j) : 7 € By j} and gy j:(yk,;) > 0 then let
9@ gn+1 = 95"
Otherwise we have either (7,j") ¢ {(ko,j) : j € B} or (i,5) € {(ko,j) : 7 € B} but
97" (Yky;) < 0. Let k be maximal so that deB/ 9 i (Yko,j) > KOy and Fz where @ =
fyia) X f(yi2) X f(y22) x -+ x f(yw ;). By conclusion of Lemma 2. 6 where F = Fz and
K = kéj, since f € F5 there exists g j)+1 € Fa so that:
hd ZjeBi/J/ g?;’,j/)+1(yko,j) > koj and
® |9 (Y, n+1)] < 0
Thus Z]EB/ , E'— j/)<yk0,j) - ZjGBi/’j/ g?;/’j/)Jrl(ykoJ) > ]{?5]'/ + 5]'/ > 0.
And in either case set By ={j > j* :j € Band (ky,j) > (,7")}. Continue this
process until (i, j') = (1,7) and set g = g;;- Note

\9(yij) — flyij)| <6 for (4,7) <ve (Ko, j*).
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Define P = {j € By, j« : 9(Yro,; > 0)}. And note

0< > g Wrod) = D> Flured) + D40

]EBkO 7% ]EBko J*
< Z ykoj Z f yko]
JEByg,;* JEByg, 5
5
< Z " (Ukooj) Z f(Urooj) g Z S Yo 5)
JEBkO 3* ]eBko G* jeBkOvj;k
)
< Y 9 Wkoy) 1-7) D FWkos):
JEByg,j* JEByg, 5

Thus 3iep, 0" Wha) > (1= 2) Yjen, . Fres) = (1= )1 = 3) X e fUres) >
(1=06) > en f(Whog)-

A

Let N = {(i,7) < (i,7) : (i,5) & {(ko,j) : 5 € B} or g(y:;) < 0} and note

Z |gyw’<235 <

(i,5)EN
O
Proof of Theorem 1.2. Assume (z; ;) is monotone and basic (by renorming and passing to a

subsequence). Apply Lemma 2.7 to (z;;) ¢ = 6/4 and F = Ba(z") to yield the subarray
(ZE@j)A Note

0 .
<S5 %5

Let (a; ;)@ )er € coo(I) with |a; ;| <1 kg € Nand F C {j : |ag, ;| > 0}. Let f € Ba(z*) so

that
| Z ai,jxg,j” = Z ai,jf(l‘;,j)'

(ko,j) where jeF (ko,j) where jeF

Define F'y = {j € I : ay,; > 0 and f(z};) > 0} and F. = {j € F': ay,; <0 and f(z};) <

0}. Thus
Z ai,jf(:cé,j) < Z ai,jf(x;,j) + Z ai,jf(x;,j)-

(ko,j) where jEF (ko,j) where jeFy (ko,j) where jeF_

Assume without loss of generality that 3 o ere jer @S (T5;) S 23740 5y where jer, @i f(25)-
We may also assume F' # (). Thus

/ 1 /
(1) Z ai,jf(x@j) Z §H Z aidxi,jH Z 5/2

(ko,j) where jEF (ko,j) where jEF

and so Z (ko,j) where jEF f(l';d) 2 5/2



Thus by Lemma 2.7 there is a g € Ba(z*) so that

Z g(‘r;]> >(1—¢) Z f(x;g)7

(k(),j) where j€F+ (k‘(),]) where j€F+
and
Soo@pl<e Y fl)
(1,5)€J (ko,j) where jEF

where J = {(i,7) € I : (i,j) <, max(supp ((a;;)) and either (i,5) # (ko,j) for any j €
Fy or g(z};) < 0}. Thus

H Z CLi’jZE;’jH > g (Z ai,jx;,j>
> > o 9(@heg) = D laisllg(wl,)l

JEF} (i,5)ed
>0 Z g(x;co,j) - Z |g($;])|
JeF} (i.4)ed
>0(1—¢) Z f(x;fo_]) - Z f(l';co])
JEFY JEFY
= (0(1—06/4) —6/4) Y flat, ;) since & = 6/4
JEFL
§— 62 , , ,
= (6/2 + 1 ) Z [y, ;) = 6/2 Z f(x}, ;) since e = 6/4
JeEFL JEFL

Since |a; ;| <1 and by (1) we have

D an i F(@) = 1Y ar, x> 6/2

jeEFL JEF

So > icr, f(x5;) = 6/2. Therefore

2 4
1Y " ar, gtk i1l > 2> flat, ;) > 2(5)ll > aia | = 5l > ail ).

jEF jEF
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