Math 3520 Practice for Final Exam Fall 2019

Name:

Complete Test Review 1 and 2 and here are a few new problems covering the new topics.

1 Groups
1. Let G be a group and assume ¢g? = e for all g € G. Prove G is Abelian.
2. Let G be a group and let a € G. Prove (™')™ = a.

3. Let G be a group and let a,b € G. Prove (ab)™! =b~ta™t.

2 Subgroups

Theorem [the subgroup test] Let (G, *) be a group and H be a nonempty subset of G.
If

e forall a,be H axbée H, and
o forallac Ha'c H

then H is a subgroup.
4. Note that (Z,+) is a group and
E ={2n|n € Z}
is a subset of Z. Show F is a subgroup of Z.

5. Let G be a group and let a be a fixed element in G. Define

H = {aza 'z € G}.
Note H is a subset of G. Prove H is a subgroup.

3 Isomorphisms

6. Write down the definition of isomorphism.
7. Define an isomorphism from (Z4, +) to (Z3, -) or show that no such isomorphism exists.

8. Define an isomorphism from (Zg X Za, +) to (Z§, ) or show that no such isomorphism
exists.

9. Define an isomorphism from (Zg4, +) to (Z§, -) or show that no such isomorphism exists.
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10.

11.

12.

13.

14.

15.

For the function f : Z — Zs defined by
f(n) =n mod 5.
Show f(a+b) = f(a) + f(b) for all a,b € Z5. Is f an isomorphism? Why or why not?
Note that (Z,+) is a group and
E = {2n|n € Z}
is a subgroup of Z. Define an isomorphism from Z to E. Prove it is an isomorphism.

For the group (Ss3,0) Show

- 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
a 1234)’\4123)’\3412)’'\'2341
is a group. Show (Z4, +) is isomorphic to (H, o).

Show (R, +) and (R, -) are isomorphic with the following isomorphism f : R — R*
f(z) =¢€".
That is show f is a bijection and show that f satisfies
fla+b) = f(a)- f(b) for all a,b € R.

Let G; and G5 be groups and let f : G; — G5 be an isomorphism. Let a € Gj.

(a) What group is f(a) in?
(b) Prove if o(a) = n then the o(f(a)) = n.

Let GGy and G5 be groups and let f : G; — G5 be an isomorphism. Let a € G.
(a) Prove f(a)™t = f(a™1).
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